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Abstract 
The largest arcs in PG(r,q) have length q+ 1 and they are classical, if ll~<q~<19, q ~ 16 
and 1 <~r<~q- 2 or if q = 16 and 4<<,r<<.q- 5. 
1. Main results 
Let Fq be the Galois field of  q elements and denote by PG(r, q) the r-dimensional 
projective space over Fq. A k-arc K in PG(r,q) is a set of  k points such that no r + 1 
points of K lie in a hyperplane. A k-arc is called proper if k/> r+ 3. In view of a CCM 
introduced in the next section, an (r + 3)-arc exists if and only if r ~< q - 2. A normal 
rational curve in PG(r,q) (r<~q - 2) is a set of q + 1 points which is (projectively) 
isomorphic to {(1, t, . . . .  tr); t E FqU {c~}}. Clearly, a normal rational curve is a (q+ 1)- 
arc. An arc is called classical or rational if it lies on a normal rational curve. Denote 
by m(r,q) the maximal size of  arcs in PG(r,q). We refer to [4,7, Ch. 27 and 9] for 
detailed information on arcs. Ref. [1] is a summary on m(r,q). We are interested in 
modifying Segr6's conjecture on arcs, which we call SC for short: 
SC. Let 1 <~r<~q- 2. 
(1) I f  q is odd, then m(r,q) = q+ 1, and every m(r,q)-arc in PG(r,q) is classical. 
(2) I f  q is even, then m(r,q) = q + 1 except for m(2,q) = m(q - 2,q) = q + 2, and 
every m(r,q)-arc in PG(r,q) is classical provided 4<~r<<,q - 5. 
We note that if q = 9, the second part of  (1) fails for r = (q - 1)/2 [3]. For what 
value of  q does SC hold? We have the following computational result. 
Theorem 1.1. 
(i) l f  q----- 11, then every ( (q+ 1)/2 +4)-arc in PG(3,q) is classical. 
(ii) I f  q =- 13, then every ((q + 1)/2 + 4)-arc in PG(3,q) is classical. 
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(iii) I f  q = 16, then every (q/2 + 5)-arc in PG(3,q) or in PG(4,q) is classical. 
Complete (q - v/q + 1 )-arcs in PG(2, q) are isomorphic. 
(iv) I f  q = 17, then every ( (q+ 1)~2+5)-arc in PG(3,q) or in PG(4,q) is classical 
and every ((q + 1 )/2 + 6)-arc in PG(2, q) is classical. 
(v) I f  q = 19, then every ( (q+ 1)~2+5)-arc in PG(3,q) or in PG(4,q) is classical 
and every ((q ~ 1)/2 + 5)-arc in PG(2,q) is classical. 
Corollary 1.2. The above SC holds for  11 ~< q~< 19. 
As is well known, m(2 ,q )=q + 1 and every m(2,q)-arc is classical, provided q 
is odd. Set m'(2,q)--the size of the second largest complete arcs in PG(2,q). The 
following corollary is Scipioni's conjecture [11]. 
Corollary 1.3. m'(2, 17) = mr(2, 19) = 14. 
Remark 1.4. A non-classical 10-arc in PG(3, 13) is constructed [10]. So the size of 
the second largest complete arcs in PG(3, 13) is equal to 10 by Theorem 1.1(ii). 
In Section 2 our computation method is explained, while in Section 3 Corollaries 
are proved. 
We would like to thank the referee for his valuable suggestions. 
2. Computations 
Let K be a proper k-arc in PG(r,q) (i.e. k>~r + 3) consisting of points Pi with 
homogeneous coordinates ai, a column vector of (r + 1) components. We call the 
( r+ 1)× k-matrix A = [al " .  ak] a CM (coordinate matrix) of the arc. By the definition 
of arc, an (r + 1 ) × k-matrix is a CM of a k-arc in PG(r, q) if and only if any r + 1 
columns of the matrix are linearly independent. For atr  E Sk (the permutaion group 
of {1,2 .. . . .  k}) we denote by [a] a non-singular matrix such that [Cl . . . . .  ck][tr] = 
[c~(1),...,c~(k)] for any row vector [Cl,...,ck]. Because of the freedom of ordering the 
points of K and that of choice of homogeneous coordinates, a general form of the CM 
of K takes the form A[a]D, where D is a non-singular diagonal matrix. Consequently, 
a general form of the CM of an arc isomorphic to K takes the form TA[a]D, where 
T is a non-singular matrix. By abuse of notation we call a matrix TA[a]D of the 
form 
1 ... 1 1 ] 
XI1 "" " Xln 1 
. . . .  Er+l , 
I Xr I " " " Xrn 1 
(2.1) 
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a CCM (canonical coordinate matrix) of K. We call its submatrix 
i Xll "'" xln (2.2) 
[_ Xr 1 " " " Xrn 
a PPM (principal part matrix) of the CCM or of K. It is well known and easy to 
prove that an ( r+ 1) x (n+ 1) matrix X of the form (2.2) is a PPM if and only if 
every square submatrix of X is non-singular [4]. Hence the following Lemma 2.1 is 
trivial. 
Lemma 2.1. I ra  matrix of  the form (2.1) is a CCM, and 1 <~s<<.r, 1<~t<<.n, then 
1 ... 1 1 ] 
Xl l  • • • Xlt  1 
. . . .  Es+l  
I Xsl • . • Xst 1 
is a CCM. 
(2.3) 
A matrix is called Cauchy matrix if it takes the form [1/(1 - cq~.)] [14]. A square 
Cauchy matrix [1/(1 - ~i/~)] is non-singular if and only if ~i are mutually distinct and 
/~ are mutually distinct [14]. 
Lemma 2.2 ([6, Theorem 21.1.1]). A proper k-arc in PG(r,q) is classical i f  and only 
i f  its PPC is a Cauchy matrix. 
Since there exists uniquely a normal rational curve through an ( r+3)-arc  in PG(r, q), 
every k-arc in PG(r,q) is classical if every ko-arc in PG(r,q) is classical for some 
k0>~r +4 with k>ko.  
Lemma 2.3. I f  a PPM (2.2) is a Cauchy matrix, there exist exactly q - 1 - n - r 
row vectors x' -- [Xr+l,1 . . . . .  Xr+l,n, 1] such that the (r + 2) x (n + 1) matrix obtained 
by adjoining the row matrix x p to (2.2) is a PPM and a Cauchy matrix. 
We shall use the following lemma for s = 1. 
Lemma 2.4. Let K (l) be representatives of distinct types of  ( t + s + 2 )-arcs in PG(s,q) 
and let X (t) = [xl~ )] be the PPM of  K (t) ( l=  1,2 . . . . .  L). l f  K is an (n + r +2)-arc  
(l) for  in PG(r,q) with n>~t and r>~s, then K has a PPM X = [xij] such that xij = xij 
some l and for  every O<~i<~s and l <~j<~t. 
Proof. We shall prove the lemma in the case t = n. The general case can be dealt 
with similarly. Let M = [XEr+I] be a CCM of K. Deleting the ith row (s + 1 <~i<~r) 
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and the j th column (n + s + 2 < j<~n + r + 2) from M, we get a CCM M'  of a 
(t + s + 2)-arc in PG(s,q), which we may assume to be isomorphic to K (t). Hence, 
there exist a non-singular matrix To, ao E St+s+2 and a non-singular diagonal matrix 
Do such that [X(I)Es+I] = ToM~[ao]Do. Let a E Sn+r+2 be the extension of  a0 such 
that a( j )= j  for t+s+2<j<<.n+r+2,  and let 
o I o] T= O Er-s and D= E~_s " 
Then )O = TM[a]D takes the form 
[X2 l) Es+l 0 ] (2.4) 
a 1 . , .as+ 1 Er-s ' 
where aj are column vectors. Let 
S = bl " "  b~+l Er-~ ' where by = -a j .  
Then SM takes the form (2.4) with aj = 0, and for some diagonal matrices D1 and 
D: the matrix DISIf4D2 is K ' s  CCM of desired form (We utilize D1 and D2 to ensure 
that each component of  the (n + 1)th column of SM is equal to one). 
We turn to computations using a computer (workstation) with the capacity 95 mips. 
Let A(q,k) be an ordered set of row vectors a = [al . . . . .  ak-3] E Fq k-3 such that 
[1 1 ... l 1 1 ~J 
al a2 . . .  ak-3 1 0 
are representatives of distinct types of k-arcs in PG(1,q). I f  a E A(q,k)  is the lth 
element, then N(a)  = l by definition. For a given a E A(q,k)  denote by B(q,k,N(a))  
an ordered set of  row vectors b = [bl, b2 . . . . .  bk-3] E Fq k-3 such that any three columns 
of the matrix 
1 .-. 1 1 ] 
Mk+l = al " "  ak-3 1 E3 
bl " "  bk-3 1 
are linearly independent. Let ( be a primitive element of  Fq. In order to search for 
b = [bbb2 . . . . .  bk-3] C B(q,k,N(a))  we move bl,b2, . . . ,bk-3 in R1 = {(1,(2 . . . . .  (q-Z}, 
R2 = R1 - {bl } . . . . .  Rk-3 = Rk-4 -- {bk-4}, respectively. Assume that the determinant of 
a matrix consisting of the j lth, j2th and j3th column of Mk+l (1 ~<jl < j2  <J3 ~<k+ I) 
vanishes. If  j2 > k - 3, we may jump to the next b~. E Rj~. I f  j2 ~< k - 3 and J3 > k - 3, 
we may jump to the next b~.~ C R j2. When k - 3 > 8, we had better first of  all search 
b' = [bl . . . .  , bs] such that M12 is a CCM and then search b" = [b9 . . . . .  bk-3] such that 
[b p, b"] E B(q,k,N(a)).  These two observations help us reduce computation time. Once 
we calculate 1 - (i __ (ni, it is easy to make additon table and multiplication table 
for F~. 
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(i) 
of two 
PG(3,q) 
1 
a 
b 
b I 
Case q = 11: A primitive element is 2. A(q,4) (equivalently A(q,8)) consists 
vectors and IB(q,8,1)l = 32 for l = 1,2. We count the number of 10-arcs in 
where b, b' E 
form 
where 
PG(4, q) of the 
l 1 E5 ff 1 b" 1 
the form 
I 'm ] a 1 b 1 E4 ,  
b' 1 
(2.6) 
B(q, 10,N(a)), and b < b', the number N2 of 13-arcs in PG(3,q) of the 
Ii '1 ] 
fl 1 E4 ,  (2.7) 
b' fl' 1 
b,b' E B(q, 10,N(a)), b < b', and ct, fl, fl' E Fq, and the number N3 of 13-arcs in 
form 
(2.8) 
where b,b',b" E B(q, lO, N(a)), and b < b' < b". The number of classical arcs of 
the form (2.6),(2.7) and (2.8) is  equal to (~) = 21, (~)5 = 105 and (~) = 35, 
of the form 
11 1  E4 , (2.5) 
1 
where a E A(q,8),b,b ~ E B(q,8,N(a)), and b < ft. The number turns out to be equal 
to six for each a E A(q,8). Since the number of pairs (b,b') E B(q,8,N(a)) with 
b < b ~ such that the PPM of (2.5) is a Cauchy matrix is equal to (4) = 6 by Lemma 
2.3, every 10-arc of the form (2.5) is classical. Therefore very 10-arc in PG(3,q) is 
classical by Lemma 2.4. 
(ii) Case q = 13: A primitive element is 2. A(q,5) (equivalently A(q,9)) consists 
of three vectors and [B(q,9, l)[ is approximately 110 for l = 1,2,3. The number of 
11-arcs in PG(3, q) of the form (2.5) for a given a E A(q, 9) turns out to be ten, while 
(25) = 10. Thus every ll-arc in PG(3,q) is classical. 
(iii) Case q = 16: A solution of x 4 + x + 1 = 0 is a primitive element. A(q,7) 
(equivalently A(q, 10)) consists of ten vectors. It takes about 3 min to make the file 
B(q, 10,N(a)) of about 2500 vectors for a given a E A(q, 10). Fix a E A(q, 10). It 
takes about 15 min to count simultaneously the number N1 of 12-arcs in PG(3,q) of 
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respectively. It turns out in 15 min that N1/>21, N2 = 105 and N3 = 35 for a given 
a E A(q, 10). There exists an a E A(q, 10) such that N1 > 21. It follows that there exists 
a non-classical 12-arc in PG(3,q) and that every 13-arc in PG(3,q) or in PG(4,q) is 
classical. A(q,5) (equivalently A(q, 12)) consists of four vectors. It takes about 6 rain 
to make the file B(q, 12,N(a)) of about 2100 vectors for a given a E A(q, 12). An 
a E A(q, 12) gives rise to 20 complete 13-arcs in PG(2,q) of the form 
1 E3 , (2.9)  
1 
where b E B(q, 12,N(a)), while three other a's give no complete 13-arc in PG(2,q) 
of the form (2.9). We can check that the above 20 complete 13-arcs in PG(2,q) are 
isomorphic with the (projective) automorphism groups of order 39. 
(iv) Case q = 17: A primitive element is 3. A(q, 7) (equivalently A(q, 11 )) consists of 
ten vectors. It takes about 3 min to make the file B(q, 11,N(a)) of about 1000 vectors 
for a given a E A(q, 11). Fix a E A(q, 11). We count simultaneously the number N1 
of 13-arcs in PG(3,q) of the form (2.6), the number N2 of 14-arcs in PG(3,q) of the 
form (2.7) and the number N3 of 14-arcs in PG(4,q) of the form (2.8). The number of 
classical arcs of the form (2.6), (2.7) and (2.8) is equal to (~) = 21, (~)5 = 105 and 
(~) -- 35, respectively. It turns out in 3 min that/71/>21, N2 = 105 and N3 = 35 for 
the a E A(q, 11). N1 > 21 holds for some a E A(q, 11). So there exists a non-classical 
13-arc in PG(3,q), and every 14-arc in PG(3,q) or in PG(4,q) is classical. 
A(q, 5) (equivalently A(q, 13)) consists of four vectors. It takes about 15rain to make 
the file B(q, 13,N(a)) for a given a E A(q, 13). [B(q, 13,N(a))[ ranges from five to 
eight for an a E A(q, 13). It takes 0min to see that any non-classical 14-arc in PG(2,q) 
of the form (2.9) where a E A(q, 13) and b E B(q, 13,N(a)), cannot be extended to 
a 15-arc. Now Lemma 2.4 implies that every 15-arc in PG(2,q) is classical, for a 
non-classical arc in PG(2,q) can share at most ([(q + 1)/2] + 1) points with a conic 
for odd q. 
(v) Case q = 19: A primitive element is 3. A(q, 8) (equivalently A(q, 12)) consists 
of 31 vectors. It takes about 70min to make the file B(q, 12,N(a)) of about 2000 vec- 
tors for a given a E A(q, 12). Fix aEA(q, 12). We count simultaneously the number N1 
of 14-arcs in PG(3,q) of the form (2.6), the number N2 of 15-arcs in PG(3,q) of the 
form (2.7) and the number N3 of 15-arcs in PG(4,q) of the form (2.8). The number 
of classical arcs of the form (2.6), (2.7) and (2.8)is equal to 0 = 28, (~)6 = 168 
and (~) = 56, respectively. It turns out in between 2700 and 3800 rain that N1 ~>28, 
N2 = 168 and N3 = 56 for the a E A(q, 12). N1 > 28 holds for some a E A(q, 12). Con- 
sequently, there exists a non-classical 14-arc in PG(3,q), and every 15-arc in PG(3,q) 
or in PG(4,q) is classical. A(q,7) (equivalently A(q, 13)) consists of 18 vectors. It 
takes about 90 min to yield the file B(q, 13,N(a)) for a given a E A(q, 13). In this 
case B(q, 13,N(a)) is assumed not to include seven vectors b which, together with 
a, give a classical 14-arc in PG(2,q) of the form (2.9). It turns out in 1 s that any 
non-classical 14-arc in PG(2,q) given by a E A(q, 13) and b E B(q, 13,N(a)) cannot 
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be extended to a 15-arc. Now Lemma 2.4 implies that every 15-arc in PG(2,q) is 
classical. 
3. Proof of corollaries 
Even though the following lemmas are known, we cite them here to make this article 
as self-contained as possible. 
Lemma 3.1. Assume 1 <~r<~q- 2. The PPM of  a proper k-arc in PG(r,q), tooether 
with the unit matr ix Ek - r - l ,  9ires the CCM of  a proper k-arc in PG(k -  r -  2,q) in 
an obvious manner. 
Let K be a k-arc in PG(r,q) consisting of points Pi with the homogeneous coordi- 
nates ai, a column vector. An (r + 1) x k-matrix G = [al . . .  ak] is a generator matrix 
of  an (r + 1)-dimensional linear code c£ over Fq. The minimum Hamming distance 
of cg attains the Singleton bound k - r, because every r + 1 columns of G are lin- 
early independent. Let ~± = {x E Fqk; Gx = 0} be the dual code of c~. As is well 
known, the minimum distance of cg± attains the Singleton bound r + 2. Particularly, if 
a (k - r - 1 ) × k-matrix G ± = [bl . . .  bk] is a generator matrix of c£±, then any k - r -  1 
columns of G ± are linearly independent. Hence, the points Qi with the homogeneous 
coordinates bi form a k-arc K ± in PG(k -  r -  2,q), which is called the dual arc of K. 
Even though the k-arcs in PG(k -  r -  2,q) thus constructed epend on the ordering 
of the points of K, ai and G ±, they are mutually projectively equivalent. The k-arc in 
PG(k -  r -  2,q) mentioned in Lemma 3.1 is nothing but the dual arc of  K. 
Lemma 3.2. Assume 1 <~r<~ q-  2. I f  every (q+ l )-arc in PG(r,q) is a normal rational 
curve, then every (q + 1 )-arc in PG(q - r - 1, q) is a normal rational curve. 
Proof. The PPM X of a (q + 1)-arc in PG(q-  r -  1,q), together with the unit matrix 
Er+l, gives a CCM of a (q + 1)-arc in PG(r,q) by Lemma 3.1. Since the PPM of a 
(q + 1)-arc in PG(r,q) is a Cauchy matrix, so is X. 
Lemma 3.3. Assume q >1 7. 
(i) I f  q is odd, then m(q - 2,q) = m(q - 3,q) = m(q - 4,q) = q + 1 and all 
m(r,q)-arcs in PG(r,q) are classical fo r  q -  4 <<,r<<,q- 2. 
(ii) I fq  is even, then m(q - 2,q) - 1 = m(q - 3,q) = m(q - 4,q) = q + 1. 
Proof. Clearly, m(r,q)>~q+ 1. (i) As is well known, m(r' ,q)  = q+ 1 for 2~<r'~<4. If 
there exists a (q + 2)-arc in PG(q-  2,q), the dual arc is a (q + 2)-arc in PG(2,q), a 
contradiction. Thus m(q - 2, q) = q + 1. Similarly, we have m(q - 3, q) = m(q - 4, q) = 
q + 1. Lemma 3.2 now yields the second part of (i). (ii) Recall that m(2,q) - 1 = 
m(3,q) = m(4,q) = q + 1 [13]. By Lemma 3.1 we have m(q - 2,q)>~q + 2. Since 
94 J.M. Chao, H. Kaneta/Discrete Mathematics 174 (1997) 87-94 
m(3,q) = q + 1, there exists no q + 3-arc in PG(q-  2,q) by Lernma 3.1. Thus 
m(q-2)  = q+2. The equalties m(3,q) = q+ 1 and m(4,q) = q+ 1 yield m(q-3 ,q )  = 
q + 1 and m(q - 4, q) = q + 1, respectively. 
Proposition 3.4. Assume q >1 11. 
(i) Let q be odd. I f  every ([(q + 1)/2] + 1 + n)-arc in PG(n,q) is classical for 
some n such that 3<n<~(q-  1)/2, then m(r,q) = q + 1 for n<<.r<~q- n and every 
(q + 1)-arc in PG(r,q) is classical for n<<.r<~q- n -  1. 
(ii) Let q be even. I f  every ([q/2] + 1 + n)-arc in PG(n,q) is classical for some n 
such that 3 <~n<~[q/2] - 1, then m(r,q) = q+ 1 for n<<.r<<.q-n and every (q + 1)-arc 
in PG(r,q) is classical for n<~r<<.q- n -  1. 
Proof. Let q be odd. The case q is even is treated similarly. It follows immediately that 
every (q + 1)-arc in PG(r,q) is a normal rational curve in PG(r,q) n<~r<(q-  1)/2. 
The dual of a (q+ 1)-arc in PG(r,q) is a (q+ 1)-arc in PG(q- r -1 ,  q). So in PG(r,q), 
(q -  1 )/2 ~<r <q-  n - 1, every (q + l)-arc is a normal rational curve. It then follows 
from [8] that m(r,q) =q+ 1 for n<r<.q-n .  
Proof of Corollary 1.2. Corollary 1.2 follows from Theorem 1.1, Lemma 3.3 and 
Proposition 3.4. 
Proof of Corollary 1.3. There exists uniquely a complete 14-arc in PG(2, 17), while 
there are five types of complete 14-arcs in PG(2, 19) [11]. 
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